Abstract. In this paper, we present a family of high accurate approximation formulas
Introduction
It is known that the Stirling's formula n! ∼ √ 2πnn n e −n (1.1)
for n ∈ N has important applications in probability theory, statistical physics, number theory, combinatorics and other related fields. There are many improvements for the Stirling's formula, see for example, Burnside's [1] , Gosper [2] , Batir [3] , Mortici [4] . Because the gamma function Γ (x) = ∞ 0 t x−1 e −t dt for x > 0 is related to the factorial function, many scholars were devoted to seeking various better approximations for the gamma function, for instance, Ramanujan [5, p. 339 [9, 10] , Yang and Chu [11, Propositions 4 and 5] , Chen [12, 13] , Lu et al. [14, 15] .
More results involving the approximation formulas for the factorial or gamma function can be found in [16, 17, 18, 19, 20, 21, 22, 23] and the references cited therein. Several nice inequalities between gamma function and the truncations of its asymptotic series can be found in [24] , [25] . Now we focus on the Windschitl's approximation formulas (see [6, Eq. (42) ], [7] ) given by
2)
as x → ∞. It was showed in [13] that the rates of Windschitl's approximation formulas W 0 (x) and W 1 (x) converging to Γ (x + 1) is like x −5 and x −7 as x → ∞, respectively. These show that W 0 (x) and W 1 (x) are excellent approximations for gamma function. Very recently, by using a little known power series Yang and Tian [26] developed Windschitl's approximation formula W 0 (x) for the gamma function to asymptotic expansion 5) which was improved in [26] by Yang and Tian.
On the other hand, Alzer [29] showed that the double inequality
holds for x > 0 with the best possible constants α = 0 and β = 1/1620 . Yang and Tian [30] presented a very accurate Windschitl type approximation:
as x → ∞, and prove that the function x → ln Γ (x + 1) − lnW 2 (x) is decreasing and concave on (1, ∞) . This yields some new inequalities for gamma function in terms of W 0 (x) . Inspired by the Windschitl type approximation (1.7), we consider a family of Windschitl type approximations for gamma function defined by
as x → ∞, where p −33/35 . It is easy to see that
The aim of this paper is to determine the parameter p −33/35 such that the function
is increasing and concave on (0, ∞) . Our main result is the following theorem.
is strictly increasing and concave on (0, ∞) if and only if p p 0 = 158/315 .
Proof of Theorem 1
As is well known, analytic inequality [31, 32, 33] is playing a very important role in different branches of modern mathematics. In order to prove Theorem 1, we need the following inequality. LEMMA 1. The inequality In view of
(see [34, p. 260, (6.4.6) ]), we have
= 176 400 20 449
which completes the proof.
Proof of Theorem 1. Using the asymptotic expansion (1.4), we have that as x → ∞, 
175x 4 + (350p + 99)x 2 + 5p (35p + 33) 
And, for p p 0 , it is easy to see that for t > 0 . This implies that F p 0 (x) < 0 for x > 0 , and the proof is complete.
New bounds for gamma function
As a direct consequence of Theorem 1, we immediately get
or equivalently, is the best constant. In particular, we have
namely,
holds for x 1 with the best constant
)
Proof. The necessary condition for the inequalities (3.2) to hold for x 1 follows from lim x→∞ x 9 F p (x) 0 . This together with the limit relation (2.2) yields p p 0 = 158/315 .
The sufficient condition for the inequalities (3.2) to hold for x 1 follows from the increasing property of F p on (0, ∞) if p p 0 = 158/315 .
Putting p = p 0 = 158/315 in inequalities (3.2) gives (3.4), which completes the proof. REMARK 1. We claim that the lower and upper bounds in inequalities (3.1) are decreasing and increasing with respect to the parameter p on [−33/35, ∞) for x 1. In fact, by differentiation we find that that are, It has been shown in [30] that the function x → ln Γ (x + 1)−lnW 2 (x) is decreasing and concave on (1, ∞). Since W 2 (x) = W 0 (x) , by the same technique as the proof of Theorem 1 we can prove 
Numerical comparisons
As we know, a remarkable approximation for gamma function is fairly accurate but relatively succinct. Such ones can see [5, p. 339 [13] . In this section, we list some more accurate but simple approximation formulas for gamma function and compare them with our family of approximation formulas W p (x) defined by (1.8) .
It is easy to check that Nemes' approximation formula [7] satisfies
as x → ∞. It was showed in [13] that as x → ∞,
(4.2) As shown in Introduction, we have
For our family of approximation formulas W p (x) for gamma function, by (2. 
It thus can be seen that our new Windschitl type approximation formula W p 0 (x) are the best among ones listed above, which can be also found from the following Table  1 . 
